Abstract. We apply perturbation theory to solve the optimal control problem of an investor with time-additive power utility over intermediate consumption and final wealth. Under general conditions we show existence of a power series representation for the prevailing optimal consumption and investment policies around a benchmark model. Each term in the power series is characterized in closed form by a recursive general formula that allows analytical computations up to an (in principle) arbitrary order in perturbation theory.
Introduction
A well-known difficulty in solving analytically consumption/investment optimization problems of the Merton's [12] , [13] , [14] -type is the description of the optimal hedging portfolio and the optimal consumption strategy in settings with a stochastic investment opportunity set. Existence of closed form solutions depends typically on conditions concerning the class of utility functions used 1 , the form of the investment opportunity set dynamics, existence of a complete market and presence of intermediate consumption.
The complete market assumption has been exploited in Liu [10] and Wachter [18] to apply the martingale technique (Cox and Huang [3] ) in solving for the optimal consumption and investment policies. Alternatively, Detemple, Garcia and Rindisbacher [4] start from the complete market assumption to apply Clark Okone's representation formula in the characterization of optimal hedging portfolios.
In an incomplete market setting, Kim and Omberg [8] considered an intertemporal optimization problem of an agent with utility only from terminal wealth, and not 1 For instance, time-additive power utilities.
from terminal consumption. Under a very particular market price of risk specification they are able to solve for the prevailing optimal portfolios in closed form. Chako and Viceira [2] applied Cambell's [1] log-linearization technique in order to provide semi-analytical approximations to the consumption/investment optimal policies under a particular investment opportunity set specification. Such an approximation technique is based on a linearization of the arising solutions as functions of the underlying state variables. Recently, Kogan and Uppal [7] have shown that perturbation methods can provide powerful first order asymptotics of the relevant optimal policies under time-additive power utility, incomplete markets and in the presence of intermediate consumption or portfolio constraints. Such a perturbation approach relies on a power series expansion in the risk aversion parameter around the logarithmic utility solution. In contrast to the log-linearization technique, that approach has the advantage to avoid non-natural restrictions to the state variables. Moreover, it is not confined to assuming a specific state dynamics. Finally, perturbation methods can be also applied to study more general settings of non time-additive recursive preferences, as demonstrated for instance in Trojani and Vanini [17] .
Perturbation methods assume implicitly technical conditions ensuring existence of a power series representations of the relevant solutions to be satisfied. Moreover, higher order asymptotic approximations require a systematic characterization of any term in the perturbations series. Such higher order characterizations are rare 2 and are the necessary step towards a more global analysis of solutions provided by perturbation methods.
We tackle these open issues in the application of perturbation methods to consumption/investment optimization problems with time-additive power utility. We first show that under general conditions the solution to such optimization problems is analytic in the risk aversion parameter. This implies existence of a power series representation of the prevailing optimal consumption and investment policies around a benchmark model. We then characterize each term in the power series in closed form by a recursive general formula that allows analytical computations up to an (in principle) arbitrary order in perturbation theory. Finally, we present some applications of such general formula where we fully compute second order asymptotics for the relevant optimal consumption and investment policies.
Section 2 presents the setup of our analysis. Sections 3 gives conditions for existence of a power series representation of the relevant solutions. Any term in the power series is then shown to be the unique solution of a corresponding semilinear parabolic equation. Section 4 presents our recursive general formula characterizing in closed form any term in the power representation of the solution. Section 5 discusses in more detail second order optimal policies approximations. Section 6 and 7 present some concrete applications while Section 8 concludes. All proofs are in the Appendix.
Setup
We consider an investor that allocates her wealth W t at time t among two assets: a short-term riskless asset with rate of return r t and a risky asset with price P t at time t. The investment opportunity set is described by a n-dimensional vector of state variables X t at time t.
The state vector is assumed to change over time according to the dynamics
where µ X , σ X are some drift and diffusion functions and Z t is a n-dimensional vector of standard Brownian motions. We suppose that the riskless rate of return r t is a function of the state variables, r t = r(X t ). Let Z P t be a further one-dimensional standard Brownian motion, possibly correlated with Z t . The risky asset price satisfies the dynamics
for some drift and diffusion functions µ P , σ P . In particular, we have:
where σ P X is the vector of conditional covariances between risky asset returns and the X-process. r, µ P , σ P , µ X , σ X define a stochastic investment opportunity set for our investor. In particular, the market price of risk
in the economy can also be stochastic. Let θ t be the proportion of wealth W t invested in the risky asset and C t be total consumption at time t. Investor's wealth evolves as
In the sequel, we shall always assume that all functions r, µ P , σ P , σ X , µ X in our economy satisfy some regularity conditions. In particular we assume that such functions are sufficiently smooth to belong to some Hölder-type space. We refer to the Appendix, Definition 9.1, Definition 9.2 and Assumption 9.3, for all details.
The investor derives utility from intermediate consumption and/or terminal wealth. The utility function is of the time-additive power-type. Our aim is to study the value function J t := J(W t , X t , t) of an investor's optimal control problem given by
subject to (2.1), (2.2), and (2.3), where γ < 1, ρ ≥ 0, B ∈ [0, 1] and T > t. Hence, the value function J must satisfy the Hamilton-Jacobi-Bellman (HJB) equation:
where c := C/W is the optimal consumption-wealth ratio. For γ → 0 the first term on the RHS of (2.4) converges to B log(W c). Therefore, without restriction γ = 0 is an allowed parameter. Because of homogeneity arguments, it is natural to guess the following functional form for the solution of (2.4):
for some sufficiently smooth function 
From the first-order conditions implied by the HJB equation (2.4) the optimal consumption to wealth ratio c and investment policy θ are:
From the HJB equation (2.4) we finally get, after inserting (2.7), a differential equation for 4 g:
where
Equation (2.9) is a highly non-linear equation. However, for γ → 0 the linear equation
follows. Once an initial value condition is specified, (2.9) can be solved in closed form in some cases, when an ellipticity condition for σ X is satisfied (see Assumption 2.12 below). For the rest of the paper, we consider the initial value condition g(X, T ) = 0, (2.10) which is compatible with the economic interpretation of our problem.
We start by using the general theory of non-linear parabolic differential equations in order to deduce some properties of the solution to equation (2.9) under the initial value condition (2.10). We discuss existence and uniqueness of the solution g of (2.9). In a second step, we study the regularity of a solution g as a function of γ. In particular, we are interested in conditions under which g is analytic in γ.
Define for any γ < 1 a function 
Problem (2.11) defines a second order fully nonlinear parabolic equation. The following standard ellipticity condition is assumed for the rest of the paper.
Assumption 2.1. The function σ X satisfies the ellipticity condition: Our approach to determine explicitly the solution of (2.11) is to suppose that the dependency of g on the risk aversion parameter γ is analytic. In particular, we are interested in conditions under which g(X, t) can be written as a power series about γ = 0:
where g 0 (X, t) is obtained from the value function of an investor with logarithmic utility. That is,
is a solution of the HJB equation (2.4) for γ → 0. We remark that the convergence radius of the power series (2.13) has to be at most 1. Indeed, the function F γ has an essential singularity at γ = 1.
In order to justify the perturbation approach (2.13) we first need to understand the regularity of the solution g of (2.11) as a function of the parameter γ. This is provided in the next proposition. 
is the unique solution of (2.11) for a given value of γ.
Proof. Since for γ = 1 the function F γ is analytic in (t, u, p, q) the functioñ
is analytic in all its arguments. The result now follows from Theorem 8.3.9 of [11] .
Reduction to inhomogeneous semilinear parabolic equations
Since by Proposition 2.2 the solution g of (2.11) is analytic we can expand it as a power series about γ = 0, as in (2.13). For γ = 0 multiplication by γ(1 − γ) shows that g is a solution of (2.11) if and only if it satisfies the initial value condition (2.10) and it solves the differential equation
At order zero in γ we get from (3.2) the relation −B − A (t) + ρA(t) = 0. At first order in γ we obtain equation (2.9). At second order, the following equation for g 1 can be easily computed after some more work:
Since g 0 is the unique solution of (2.9) under the initial condition (2.10) we have
Here g 0 is known, and the diffusion term σ X satisfies the ellipticity condition (2.12). Therefore equation (3.2) is a semilinear inhomogeneous parabolic equation.
The main issue is now to determine explicitly the coefficients of the equations defining the higher order terms g k , k 2. This is straightforward for all coefficients of equation (3.2), except for the optimal consumption-wealth ratio (2.7), which depends exponentially on the function g. Hence, given the power series expansion (2.13) for g, we need to compute a power series expression also for e g . This is provided by the following technical lemma.
, be the solution of (3.2), then we have
Here c 0 = B/A(t) and for any integer k
where the sum is over all non-negative integers n 1 , · · · , n k with n 1 + 2n 2 + 3n 3 
Let us further define for any k 1 the functions
, but not on g k . In particular, it is easy to see that we have
For any order k 1 we can now isolate all terms that depend on g k from those depending on the lower order terms g 0 , · · · , g k−1 . This is achieved by means of the following expressions, valid for any k 2:
The next Proposition characterizes recursively any order term g k of the perturbation (2.13) as the solution of an inhomogeneous linear parabolic equation. 
R 1 is given by (3.3) and for k ≥ 2 we have:
with the functions R j,σ , R j,exp , and R j,square defined for j 2 in (3.8).
Proposition 3.2 gives us a recursive system of linear parabolic differential equations that can be solved analytically. In the next sections we show how such solutions can be determined. , where .
Explicit solutions of the linear equations
We recall that by Theorem 9.5 of the Appendix the differential equation (3.2) has a unique solution under the initial value condition (2.10). By Proposition 2.2 such solution is analytic in the risk aversion parameter γ. Hence, for any k ≥ 0 each order term g k in the power series expansion (2.13) exists and is unique. But, since g satisfies (3.2) under the initial value condition g(X, T ) = 0 we must have that for any k ≥ 0 the order term g k satisfies equation (3.8) under the initial value condition g k (X, T ) = 0. This implies that the initial value problem
has a unique solution g k ∈ C
(1,2);(α/2,α) ([0, T ] × Ω) (see also Proposition 6.1.3 in [11] and again Definition 9.1, 9.2 in the Appendix).
By means of the variation of constants formula, we are now able to write explicitly any order term g k in the power series (2.13) as the convolution of the operator e sD (t) and the inhomogeneity of each k-th order equation in (4.2). 
In particular, the explicit form of the inhomogeneities R k in (3.10), (3.3) and (3.8) gives immediately a more explicit representation of g k . The expressions for k ≥ 2 are summarized in the next Corollary. Those for k = 0, k = 1 are analyzed in more detail in the next sections. (4.2) can be written as follows:
where R j,σ , R j,exp , and R j,square are defined in (3.8) .
For model settings where the zero-th order term g 0 can be computed in closed form we can now apply Theorem 4.1 and Corollary 4.2 to determine recursively the higher order terms g k , k ≥ 1. We illustrate this procedure in the next sections.
Explicit optimal policies to order 2
We compute the first two terms g 0 and g 1 in Theorem 4.1. Let therefore g 0 and g 1 be solutions of (3.8) for k = 0, 1. Then, we have:
where R 0 and R 1 are given by (3.10) and (3.3). The two following auxiliary functions will be used:
h r accounts for the effect of the first moments of r while h φ accounts for the effect of the second moments of φ on the zero-th order term g 0 . Finally, set h := h r + h φ for the sum of these two functions. The next Corollary is obtained from the previous findings. 
Given expressions for g 0 and g 1 , some higher order asymptotics for the optimal consumption and investment policies are immediately obtained. They are:
Fully explicit expressions for g 0 and g 1 become available for model settings where the semigroup e tG t≥0
of the operator G admits closed form representations. The next two sections provide two such examples.
Ornstein-Uhlenbeck dynamics
The one-dimensional Ornstein-Uhlenbeck differential operator is given by
where λ, ϑ ≥ 0, σ > 0 and f is a sufficiently smooth test function. The kernel of the one-parameter semi-group defined by G is the Gaussian kernel with mean E and variance V given by
, (see for instance (1.6) in [9] ). The semi-group of G is defined by
We provide an example of a model setting where the state vector consists of two independent one-dimensional Ornstein-Uhlenbeck dynamics
The first state variable X 1 drives the interest rate while the second state variable X 2 affects the market price of risk:
where r 1 , r 2 > 0 and φ 1 , φ 2 ∈ R. The quadratic dependence for r avoids non negative interest rates. Then, the auxiliary functions h r , h φ are given by:
where E i and V i are the first moment and the variance of the Gaussian kernel defined by the semigroup G i , i=1,2. Corollary 5.1 now implies an explicit expression for the zero-th order function g 0 , as given in the next result. 
In particular, at zero-th order we obtain an additively separable function g 0 . From this expression the following asymptotics are obtained for the optimal consumption and investment policies:
where ξ i is the correlation between the Brownian motions Z P and Z i , i = 1, 2. For any fixed functional form of σ P these asymptotics are available in closed form. For instance, for a constant risky asset price volatility optimal consumption is up to O(γ 2 ) a quadratic polynomial of the state variables while optimal investment is up to O(γ 2 /(1 − γ)) a linear function. Some less involved asymptotic expressions arise for the case of infinite horizon economies, i.e. for B = 1 and T → ∞, since the dependence on time disappears. This is highlighted by the next Corollary.
Corollary 6.2. For B = 1 and T → ∞ it follows:
,
The implied optimal policies asymptotics are obtained as for the finite horizon case above, readily by replacing α i (t) by α i , i = 1, 2, 3, 4.
In the same way as for the above computations, it is in principle possible to determine also some higher order terms of the power series (2.13). However, computations becomes rapidly very involved. For instance, from Corollary 5.1 we see that already the second order term g 1 is a bivariate polynomial of degree 4 with eight coefficients.
For brevity, we therefore compute the function g 1 for a simplified setting where r 2 = φ 1 = 0, φ 2 = 1 and r 1 = r > 0. In this case, the only relevant state variable is X 2 . Such a setting corresponds to a model where Sharpe ratios are driven by a single mean reverting Ornstein Uhlembeck process. It it an extension of the set up in [8] allowing for the possibility of intermediate consumption. Under such simpler conditions we have the next proposition, characterizing the higher order function g 1 in an infinite horizon economy. The proof follows from the previous results after some computations involving higher moments of the Gaussian process (X 2t ). 
While the zeroth order function g 0 is a polynomial of order 2, the first order function g 1 is a polynomial of order 4. This implies a different functional form for the implied optimal policies asymptotics. We investigate in a numerical example the difference between the portfolio asymptotics implied by g 0 and g 1 for the parameter choice r = 0.05, ρ = 0.06, λ = 0.0423, θ = 0.0942, σ = 0.037, ξ = 0.6 and σ P = 0.15.
The first order portfolio asymptotics based on g 0 are plotted in Figure 1 for different parameters γ between -0.5 and 0.5. Since g 0 is a quadratic polynomial, the optimal policies are linear function of X 2 . The slope of such linear functions is increasing in γ, i.e. lower risk aversions imply an optimal portfolio profile that is more sensitive to the levels of the Sharpe ratio. Figure 2 plots the difference between the second order and the first order portfolio asymptotics for the same values of γ as in Figure 1 . The second order approximation makes use also of the first order function g 1 computed in Proposition 6.3. Interestingly, the difference between the second and the first order approximations is readily a linear function of the state X 2 . Therefore, the second order approximation produces a qualitatively similar behavior as the first order approximation. The maximal percentage difference between the second and the first order approximations over the given support of X 2 and for the different values of γ considered is about 5%. This suggests a relatively fast power series convergence for the given parameter values.
The next section provides a second example of a model setting where higher order terms in the power series (2.13) are easily computed.
Bessel dynamics
The one-dimensional Bessel operator is given by
where a 0, b 0, σ > 0 and f is a sufficiently smooth test function. The kernel k(x, y) of the one-parameter semi-group defined by G is given by
is the noncentral χ 2 distribution function. Here
is a modified Bessel function of the first kind. The first few (noncentral) moments m n of the the noncentral χ 2 distribution can be computed analytically. For instance:
Moreover:
For instance, the first two terms are
We consider a model setting where the interest rate and the expected return of the price process dynamics are constant: r t = r, µ P = µ, where r ≥ 0 and µ ∈ R. For the risky asset volatility we set, as in [2] :
where σ > 0. In particular, this implies a squared market price of risk that is a linear function of the state variable X,
where X follows the dynamics (7.1). Then, (7.2) implies auxiliary functions h r and h φ given by
Similarly, the explicit expression for E(X, τ ) implies:
Corollary 5.1 now implies two explicit expression for the zero-th and the first order functions g 0 and g 1 , as given by the next Proposition. 
In this model, the first two order terms g 0 and g 1 are additively separable functions. Setting σ P X = ξσ P σ X = ξσ, for a given correlation parameter ξ between the Brownian motions Z P and Z, the above results finally imply some higher order asymptotic expressions for the optimal consumption and investment policies:
In this model, to order O(γ

3
) optimal consumption is a quadratic function of the state variable, while optimal investment is to order O(γ 
Some higher order optimal consumption and portfolio policy asymptotics for the infinite horizon model are then easily obtained. From the expression for g 1 it is easy to see that the mean reversion parameter a will influence such portfolio asymptotics only from the second order term on.
To highlight the contribution of the higher order terms in the analytical description of the optimal policies for the present setting, we performed some more detailed calculations based on a fix model parameters choice. We compare the analytical optimal policy obtained using perturbation theory with the one implied by the log-linearization technique in [2] . This technique is based on a "log-linearized" approximation of the function g for the case of an infinite horizon and produces virtually exact solutions under the present model conditions. The log-linearized approximation g CV for g is defined by
where the coefficients A 0 and A 1 satisfy the second order equations
A 1 is selected as the negative root of the discriminant in (7.5). The constant k satisfies the equation
This set of equations has to be solved numerically, since no analytical solution exists. Under our model parameter choice, these equations do not have a solution for γ > 0.387. The set of model parameters used in our calculations is as in [2] and is summarized by the following table. Since β 2 is very small compared to the other terms we write for simplicity
The optimal investment policy approximation implied by (7.3) (denoted by θ CV ), the one implied by our zeroth order approximation g = g 0 + O(γ) (denoted by θ 0 ) and that implied by our first order approximation g = g 0 + γg 1 + O(γ 2 ) (denoted by θ 1 ) are given by:
The relative difference between θ CV and θ 0 and the one between θ CV and θ 1 are given by
The absolute values of these differences are plotted in Figure 3 as functions of the risk aversion index γ. For a good set of values of γ ∈ (−1, 0.38) our second order policy approximation θ 1 improves clearly the first order policy approximation. For values of γ approximately less than -0.8 the second order policy approximation starts to diverge, indicating a possible divergence of the perturbation series when approaching the parameter value γ = −1.
Conclusions
We used perturbation theory to solve analytically the optimal control problem of an investor with time-additive power utility over intermediate consumption and final wealth. Under general conditions we showed existence of a perturbation series for the relevant optimal consumption and investment policies. Each term of such power series has been characterized by a recursive formula that allows analytical computations up to an (in principle) arbitrary order in perturbation theory. 5 Including explicitly in g 1 also the quadratic term X 2 with coefficient β 2 does not change the results presented below. 
Appendix
We first recall some definitions of Banach spaces of differentiable functions. Such spaces are used to provided sufficient conditions for existence and uniqueness of a solution to the investor's dynamic optimization problem.
We denote by C l Ω the vector space of real continuous functions defined on the closure Ω = Ω 1 × · · · × Ω k which are differentiable on Ω, whose derivatives of order at most l i in the i-th direction can be continuously extended to Ω, and such that for f ∈ C l Ω we have
Here for j = ( 
The norm · l,Λ endows C l,Λ Ω with the Banach space structure. This space is called Hölder space. Recall also the following classical embedding property: Let
a bounded open set. We suppose that there exists a real number 0 < α < 1 such that the boundary ∂Ω of Ω is uniformly C (2.5) satisfies the Hamilton-JacobiBellmann equation (2.4) , then the function g of (2.5) satisfies the differential equation
Proof. From the assumption (2.5) we get
We can then compute each term appearing in the Hamilton-Jacobi-Bellman equation separately:
Summing up all the term we noticed that the constant term, i.e. the sum of the factors not depending on g, vanishes. Indeed since A(t) is given by (2.6) we have On the other hand we have
Therefore we can factor out the term A(t) (e g W ) γ in the sum of the terms occurring in (9.1). This sum has to vanish, so this factor can be divided out since it is never equal to zero. Together with (9.2) this implies
which concludes the proof.
Proof. We want to reduce our claim to Theorem 8.5.4 of [11] . First notice that in order to apply this result we need to consider the change of variable t → T − t, but this is no restriction, so we assume that our problem (2.11) fits into the framework of Theorem 8.5.4 in [11] . This theorem is true if some conditions are verified. Let B(R) denote the ball of radius R > 0 in R × R N × R N 2 centered at the origin. We have to check the following statements: The function F γ has to be differentiable with respect to (u, p, q), and F γ , F γ,p , F γ,q must be locally Lipschitz continuous with respect to (u, p, q). This is straightforward since F γ is a polynomial in (p, q) of degree 2 and is exponential in u. Moreover F γ , F γ,p , F γ,q have to be locally Hölder continuous of order (α/2, α), with respect to (t, X), uniformly with respect to the other variables. In other words, for all S 0 we should have
Notice that this assumption is satisfied if F γ is twice continuously differentiable with respect to all its arguments. Let us check if this is satisfied even under our weaker assumptions. First, we have that F γ is C ∞ in t ∈ [0, T ] so the regularity condition (9.4) for the first variable is satisfied. Further, remember that φ and σ P X /σ P belong which erases some terms in (9.10) and (9.11). All together for k 3 we get
where the function on the RHS can be written as
, and each term of this sum is given in Definition 3.8. The induction hypothesis on R k−2 (t) concludes then the proof.
Proof of Theorem 4.1. First remember that
Let (P t ) t 0 = (e tG ) t 0 be the analytic semigroup given by the elliptic operator G on C (1,2);(α/2,α)
. This yields that for all constants C, the family of operators
This implies that
E(t, s)u = A(t) A(s) e −ρ(t−s)
P t−s u, 0 s t T is the evolution operator of D(t). Indeed, we have that 
This concludes the proof of Corollary 5.1. 
Proof of Proposition
2A(τ + s)
Then Theorem 4.1 concludes the proof. 
